Abstract: Microresonator-based optical frequency combs (known as microcombs or Kerr combs) have a large repetition frequency ranging typically from 10 to 1000 GHz, which is compatible with fast-scanning applications, including dual-comb spectroscopy and LiDAR. In this research, we numerically study dual-comb generation and soliton trapping in a single microresonator, whose two transverse modes are excited with orthogonally polarized dual pumping. The simulation model is described by using coupled Lugiato-Lefever equations (LLEs), which take account of cross-phase modulation and the difference in repetition frequencies. The numerical simulation calculates the dual-comb formation in a microresonator, whose microcombs propagate as soliton pulses and cause soliton trapping depending on the parameters. In the simulation, a trapped soliton is seeded by one of the original solitons in two transverse modes. In addition, we introduce an analytical solution for trapped solitons in coupled LLEs using a Lagrangian perturbation approach and clarify the relation between the parameters. Revealing the conditions of dual-comb soliton generation and soliton trapping is helpful in terms of optimizing the conditions for causing or avoiding these phenomena.
Introduction
Microresonator-based optical frequency combs, which are known as microcombs or Kerr combs, can provide attractive characteristics such as a low driving power due to their high quality factor (Q ) and a small mode volume, compact size, and high repetition frequencies that correspond to the cavity free spectrum ranges (FSRs) [1] . The repetition frequency of microcombs is typically in the 10 to 1000 GHz range, which is higher than that of conventional optical pulse sources (<10 GHz) such as Ti:sapphire and fiber lasers [2] . A microcomb is formed inside a microresonator via four-wave mixing (FWM) processes, which are excited with a continuous-wave laser, by scanning the pump frequency from high to low. With blue-detuned pumping (higher frequency side) from the resonance frequency, FWM starts to generate a microcomb whose mutual phases between the comb lines are not locked (chaotic state). On the other hand, with red-detuned pumping (lower frequency side), the mutual phases become locked and that induces the microcomb to propagate as a soliton pulse inside a microresonator [3] . The demonstration of a soliton (mode-locked) microcomb opened the way to many practical applications including optical communication with wavelength division multiplexing, microwave oscillators, optical frequency synthesizers, and dual-comb spectroscopy and LiDAR [4] .
In dual-comb systems, which utilize two types of optical pulse trains with slightly different repetition frequencies, microcomb platforms can achieve fast scan rates for spectroscopy [5] , [6] and LiDAR [7] , [8] . This is because a dual-comb system with optical pulse trains at high repetition frequencies can allow a large difference between the repetition frequencies, which corresponds to the scan rate in measurement systems, with low noise. Hence the key parameter is the repetition frequency of each soliton microcomb in the time domain, which corresponds to the mode spacing between comb lines in the frequency domain.
There are certain approaches for generating a dual-comb in a microresonator system. One approach is to use two different microresonators that generate microcombs individually [5] , [6] , [8] , [9] . The disadvantage of this commonly used method is that it requires precise fabrication processes with which to control the cavity FSRs, which are determined by the cavity size. Although nano-and microfabrication technologies have the potential to enable us to fabricate microresonators whose cavity FSR is controlled (e.g., silicon nitride ring and silica disk microresonators), polishing and laser processing cannot control the parameters precisely (e.g., polished magnesium fluoride and laser processed silica microresonators). Another approach is to pump one transverse mode from clockwise and counter-clockwise directions [7] , [10] , [11] or two different transverse modes (also known as mode families) [12] - [16] in a single microresonator. In this system, both combs share the same resonator (common mechanical vibrations and thermal fluctuations) and also the feedback loops, which leads to mutual coherence between the combs. Such dual-comb generation in a single resonator has also been studied with other platforms such as mode-locked integrated external-cavity surface-emitting lasers (MIXSELs) [17] .
Pumping one transverse mode from clockwise and counter-clockwise directions requires only one pump laser, which is modulated with an electro-or acousto-optic modulator. This is because the pump frequencies in the two directions are almost the same. This system can provide simple control of the pump frequencies. On the other hand, the difference between the repetition frequencies is only achieved to a small degree, which depends on cross-phase modulation (XPM) effects. A previous study that used this method reported soliton trapping inside a microresonator between a Kerr soliton and a Raman soliton in different transverse modes, which are excited with a pump laser and Raman scattering, respectively [18] .
When pumping two different transverse modes as illustrated in Fig. 1 , complex control of the pump frequencies is typically required because two individual lasers are used to pump the resonance modes, which, in most cases, are located separately in the frequency domain. However, a large difference can be achieved between the repetition frequencies by controlling the pump frequencies and cavity dispersion of the pumped resonance modes. Also, cavity size and dispersion engineering can control the resonance frequencies whose separation is at microwave levels (below tens of gigahertz). The different transverse modes can be pumped by using a single laser with an electrooptic modulation.
An experimental demonstration of dual-comb solitons in a single microresonator has been realized by utilizing clockwise and counter-clockwise directions [10] and spatially different transverse modes [15] . However, it is still challenging to generate dual-comb solitons and to understand the soliton interaction inside a microresonator.
In this research, we theoretically study dual-comb generation in a single microresonator by using coupled Lugiato-Lefever equations (LLEs), and we focus particularly on soliton trapping. The conditions for dual-comb solitons generation and soliton trapping are investigated with numerical simulation and analysis approaches. Soliton trapping is a phenomenon that can be observed in optical fibers when we input two optical pulses with slightly different group velocities to compensate for the group velocity mismatch via XPM [19] - [24] . In our calculation model, a dual-comb is considered to be excited with orthogonally polarized dual-pumping (TE and TM modes). Such a system can generate a dual-comb with a controlled repetition frequency deference in a single microresonator. This is because orthogonally polarized transverse modes have almost same cavity FSRs owing to the similar mode profiles. Also, the mode profiles can be controlled with fabrication processes of cutting, polishing, and laser processing [25] - [28] . However, dual-comb solitons with orthogonal polarizations have yet to be demonstrated experimentally (non-soliton dual-comb generation has been reported [12] - [14] ). Hence revealing the conditions is helpful for optimizing the experimental parameters for dual-comb systems. In other words, soliton trapping should be avoided for dualcomb applications because the difference between the repetition frequencies is compensated to zero. On the other hand, the observation of soliton trapping inside a microresonator is an attractive topic in fundamental science. This paper is organized as follows. In Section 2, we describe dimensionless coupled LLEs with orthogonally polarized dual-pumping. Section 3 shows numerical simulation results where we mainly discuss soliton trapping conditions and soliton formation. Section 4 provides analytical solutions for trapped solitons using a perturbed Lagrangian approach. Section 5 summarizes the results of our work.
Simulation Model
Microcomb formation has been studied using an LLE [18] , [29] - [31] . To calculate multiple microcomb formation, two LLEs are coupled and developed by taking XPM and the difference between repetition frequencies into account. The time evolution of the internal fields a and b, which have orthogonal polarizations (TE and TM modes), are represented with coupled LLEs as
where t is the slow time and φ is the azimuthal angular coordinate inside the microresonator being related to the fast time. κ ( * ) , κ i( * ) , and κ c( * ) are the cavity decay, intrinsic decay, and coupling rates, respectively. They are related as follows κ ( * ) = κ i( * ) + κ c( * ) . Here ( * ) represents (a) or (b). ω 0( * ) is the detuning between the pump and resonance frequencies as ω 0( * ) = ω p( * ) − ω 0( * ) , where ω p( * ) and ω 0( * ) are the pump and resonance frequencies, respectively. The resonance frequencies in one transverse mode follow a Taylor expanded equation
where μ is the mode number offset from the pump mode, D 1( * ) is the cavity FSR, and D 2( * ) is the second order dispersion. g ( * ) is the nonlinear coefficient as
where is the reduced Planck constant, n 2 is the nonlinear refractive index, n is the refractive index, and A eff( * ) is the effective mode area. σ is the XPM coefficient (σ = 2/3 for orthogonal polarizations) [24] , s in( * ) is the input field as s in( * ) = P ( * ) / ω 0( * ) , P ( * ) is the input power, and D 1 is the difference of the cavity FSRs between two transverse modes as
. This model does not include effects such as higher order cavity dispersion, self-steepening, intra-pulse Raman scattering, and thermal effects. Since these effects influence on microcomb properties including repetition frequencies, a model that takes account of these effects is more accurate. However, in this study, we only take account of dominant terms for microcomb formation as shown in Eqs. (1) and (2) . In this research, we calculate generalized coupled LLEs:
where
Here, when the parameters are set at σ = 0 and D 1 = 0, Eqs. (1)- (4) are regarded as a basic LLE, which does not take account of the interaction between each equation (i.e., without XPM effects between orthogonally polarized internal fields). In addition, we define and use a parameter δ = γ/ 2β, when assuming β = β (u) = β (v) . Here this model does not consider the influence of linear mode coupling between the TE and TM modes, which should be considered when different resonance modes are located near in the frequency domain [32] . Figure 2 shows the time evolution of microcomb spectra and waveforms for two orthogonally polarized transverse modes when the α value is changed from negative to positive. The simulation was performed using a split-step Fourier method with a MATLAB code. The number of calculated modes is 1023 in each transverse mode. The parameters are α = α (u) = α (v) , β (u) = β (v) = 0.01, γ = 0.3, and F (u) = F (v) = 4. Since γ is a nonzero value, two solitons in each transverse mode propagate at different group velocities, which is shown at a τ of around 70-100 in Fig. 2(b) . However, XPM compensates for the group velocity mismatch over τ of 100 shown by the white arrow regions, where the two solitons propagate at the same group velocity and they remain at the same position inside a microresonator each other. This phenomenon is known as soliton trapping.
Numerical Simulation Results
At the top of Fig. 2(b) , an XPM induced trapped soliton is directly generated from the original soliton of an internal field u. On the other hand, at the bottom of Fig. 2(b) , the trapped soliton is not directly generated from the original soliton of an internal field v (which is represented clearly around τ of 90). In our simulation, a trapped soliton is seeded by one of the original solitons in two transverse modes. Figure 3 shows comb spectra and waveforms at a τ of 120 seen in Fig. 2 . The XPM compensates mutually for the group velocities that cause the center frequencies of the comb envelopes to shift in opposite directions as shown in Fig. 3(a) . The shift μ follows μ = ω c /D 1 = ± D 1 /(2D 2 ) for fields a (u) and b (v), respectively. Here ω c is the amount of center frequency shift in units of rad· Hz. This theoretical value is in good agreement with our numerical simulation results. Although Fig. 3 shows the formation of a single trapped soliton, the soliton number is random as in the LLE simulation.
To reveal the soliton trapping condition, we perform a numerical simulation with various parameters in δ and F where we assume F = F (u) = F (v) for simplicity. The mapping of the soliton trapping condition is shown in Fig. 4(a) , where the yellow area denotes the observable soliton trapping conditions. The orthogonally polarized solitons with a large δ (i.e., large difference between repetition frequencies) cannot be trapped even when a large F is applied.
Next, to check the possibility of observing soliton trapping under realistic experimental conditions, we show one example of microresonator parameters for three spatially different transverse modes with two polarizations, whose D 1 and D 2 are calculated by using a finite elemental simulation and a Sellmeier equation. The microresonator structure is defined with the resonator diameter and the curvature radius of the cross-section in the resonance part. We considered a silica rod microresonator in critical coupling with a diameter of 3.6 mm, a Q of 1 × In the six calculated transverse modes, D 1 /2π and D 2 /2π were around 18 GHz and 100 kHz, respectively. The colored symbols in Fig. 4(b) show the microresonator parameter δ as a function of the curvature radius, where F ≈ 4 following the above parameters. The three colored symbols represent the parameters in spatially different transverse modes, whose mode intensity profiles are shown in the inset (with a curvature radius of 25 μm). As represented in Fig. 4(b) , soliton trapping can be observed with a curvature radius of 20 μm and also of 25 μm in some spatially different transverse modes. To observe soliton trapping in orthogonally polarized transverse modes, a small difference should be engineered in the cavity FSRs by fabricating symmetrical structure, where the resonance modes are located, for TE and TM polarizations. A smaller curvature radius is better for realizing a small difference between repetition frequencies. These results reveal the possibility of observing soliton trapping, where the solitons are excited by orthogonally polarized dual-pumping, under realistic experimental conditions. Although only one example is introduced here, the calculation in Fig. 4(b) can be applied to all platforms including silicon nitride ring, polished magnesium fluoride, and silica disk microresonators. While the results in Figs. 2-4 are calculated with the parameters α (u) = α (v) , β (u) = β (v) , and F (u) = F (v) , we calculate microcomb formation with different F ( * * ) values to focus on the phenomenon whereby a trapped soliton is generated by a strongly pumped soliton, which also supports the generation of a weakly pumped soliton in the other transverse mode, as seen in Fig. 2 . Fig. 5(a) shows the dimensionless intracavity powers |u| 2 (blue) and |v| 2 (red) while scanning α = α (u) = α (v) . Other parameters are β (u) = β (v) = 0.01, γ = 0.3, F (u) = 4, and F (v) = 3. Fig. 5(b) shows spectra (left) and waveforms (right) at α value of -2, 0, 5, 10, 16, and 21, which are represented with dashed black lines in Fig. 5(a) . While α changes from 5 to 10, the internal field u forms a soliton state. Also, in the internal field v, the weak comb lines are generated via XPM by the soliton microcomb u at α value of 10, whose detailed waveform in the green dashed box is shown in Fig. 5(c) . When we change α to a larger value that corresponds to increasing the soliton peak power of u, the power of the comb lines in the v increases and finally a soliton microcomb is formed. The detailed waveforms of soliton microcombs in the green dashed box at α of 21 is shown in Fig. 5(d) . The generation of the weakly pumped soliton v is supported by the strong soliton u. While α changes from 16 to 21, a weak soliton starts to be generated with near threshold behavior as shown in the inset of Fig. 5(a) . The energy drop is caused with XPM-induced resonance shift that is assisted by the weak soliton generation. This phenomenon is similar to a concept of pulsed trigger for deterministic soliton generation [33] , [34] . The main difference from this research is whether the trigger pulse is a part of the generated soliton. More similar behavior was experimentally observed where a Stokes soliton was generated by assistance of a soliton microcomb and Raman gain [18] . 
Analysis of Trapped Soliton Solution
In this section, we calculate an analytical solution for trapped solitons using a Lagrangian perturbation approach and reveal the relation between the parameters. Before introducing our analysis of trapped solitons, we briefly explain a general solution for soliton microcombs.
Our analysis for soliton trapping conditions [20] , [21] , [24] uses transformed Eqs. (3) and (4), which utilize the relation δ = γ/ 2β and θ = φ/ 2β and consider
∂v ∂τ
We set ansatzes of stationary trapped solitons as
where B is related to the pulse peak and width and ϕ 0 is the relative phase of the carrier from the soliton envelope. The difference between Eqs. (7) and (8) is the last term where ±δ represents the pulse advance and delay in the azimuthal angular coordinate. First, the general analytical solution in a single LLE is briefly introduced, whose master equation and ansatz are obtained by setting σ and δ at zero. An approxismate soliton solution in an LLE can be calculated using a Lagrangian perturbation approach [35] - [37] . The equations (here based on Eq. (5)) for the perturbed Lagrangian, the Lagrangian density L, and the perturbation R are
where r j denotes the time-dependent coordinates andṙ j followsṙ j = ∂r j /∂τ. By using the ansatz in Eq. (7), Eq. (9) with r 1 = B and r 2 = ϕ 0 is solved as
These lead to the stationary soliton parameters (dB /dτ = 0, dϕ 0 /dτ = 0): cos ϕ 0 = 2B /(πF ), B = √ 2α, and α max = π 2 F 2 /8 (maximum α for the stationary soliton). Second, to analyze the trapped soliton solution, Eqs. (5) and (6) lead to equations for the perturbed Lagrangian, the Lagrangian density L, and the perturbations R u and R v as
With no perturbation (R u = R v = 0), Eq. (14) can be solved in a way that leads to the relation
With perturbation following Eqs. (19) and (20), Eq. (14) is solved as where C 1 = x 2 sechxdx, C 2 = {x 2 sechx − x 3 sechxtanhx}dx, and √ 1 + σB δ for an approximate calculation. The stationary trapped soliton parameters can be calculated with dB /dτ = 0 and dϕ 0 /dτ = 0. Also, the maximum α and B values for stationary trapped solitons are obtained at cos ϕ 0 = 1, whose relations are Figure 6 shows analytical results for a trapped soliton solution with F = 3 and 4. With a large δ, trapped solitons cannot be obtained with a small positive α on the red-detuned side. The α range for soliton trapping becomes narrower as δ increases. This analytical result helps in terms of demonstrating and controlling trapped soliton generation. For example, trapped solitons with a high peak power can be generated by suitably scanning and stopping the pump frequencies, which are related to α. Moreover, B increases as α increases, and the relation can be used to stabilize of microcomb generation as with a single soliton [38] .
Conclusion
We numerically and theoretically studied dual-comb generation and soliton trapping in a single microresonator, whose two transverse modes were excited with orthogonally polarized dual-pumping (TE and TM modes). The simulation model employed coupled LLEs, which take account of the XPM and the difference between repetition frequencies. The numerical simulation calculated the dual-comb formation in a microresonator, whose microcombs propagated as soliton pulses and caused soliton trapping depending on the parameters.
Our model simulates a case where a trapped soliton is seeded by one of the original solitons in two transverse modes. The trapped solitons are advanced and delayed in the time domain, whose comb envelopes are shifted to higher and lower frequency sides. In addition, we obtained an analytical solution for trapped solitons in coupled LLEs using a Lagrangian perturbation approach to reveal the soliton trapping conditions. Such a system, where orthogonally polarized transverse modes in a single microresonator are excited, has advantages as regards generating a dual-comb with a controlled difference between the repetition frequencies in a single microresonator, particularly one fabricated by cutting, polishing, or laser processing. For example, a precise fabrication with cutting can fabricate crystalline microresonators, which have high Q factors and controlled structures, for soliton dual-comb generation [25] , [26] . We think that there are no critical obstacles for the experimental demonstration. For the demonstrations, revealing the conditions of dual-comb soliton generation and soliton trapping is helpful for optimizing experimental conditions and cavity dispersion to induce or avoid these phenomena.
